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I. Introduction

O VER a decade ago, Vatistas et al.1 proposed a family of disin-
gularized algebraic vortex formulations. The most often used

member of the n family is n = 2. The reasons for this preference lie in
the fact that n = 2 is mathematically simple (thus, computationally
efficient), the predicted tangential velocity distribution is in good
agreement with the experimental data, and the pressure is given ex-
plicitly. Because of these characteristics, the formulation has been
employed in several studies. (See, for example, Refs. 2–5.)

This Note focuses on the extension of the n family of vortices1

into time decay. In the course of broadening the model, we have
formalized a space–time analogy and have elaborated on some of
its unique properties. Similar to the steady companion, the present
analysis is limited to high Reynolds number vortices.

II. Formulation of Problem
Consider the motion of an incompressible, tubular, intense vortex.

The equations employed to describe this flow are the axisymmetric
Navier–Stokes in cylindrical coordinates for continuity

∂Vr

∂r
+ Vr

r
+ ∂Vz

∂z
= 0

radial momentum
∂Vr

∂t
+ Vr

∂Vr

∂r
+ Vz

∂Vr

∂z
− V 2

θ

r

= − 1

ρ

∂�P

∂r
+ ν

{
∂2Vr

∂r 2
+ 1

r

∂Vr

∂r
− Vr

r 2
+ ∂2Vr

∂z2

}

tangential momentum

∂Vθ

∂t
+Vr

∂Vθ

∂r
+Vz

∂Vθ

∂z
+ Vr Vθ

r
= v

{
∂2Vθ

∂r 2
+ 1

r

∂Vθ

∂r
− Vθ

r 2
+ ∂2Vθ

∂z2

}

and axial momentum

∂Vz

∂t
+ Vr

∂Vz

∂r
+ Vz

∂Vz

∂z
= − 1

ρ

∂�P

∂z
+ν

{
∂2Vz

∂r 2
+ 1

r

∂Vz

∂r
+ ∂2Vz

∂z2

}

Received 4 September 2004; revision received 21 December 2004; ac-
cepted for publication 21 December 2004. Copyright c© 2005 by the Ameri-
can Institute of Aeronautics and Astronautics, Inc. All rights reserved. Copies
of this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code 0001-1452/05
$10.00 in correspondence with the CCC.

∗Professor, Department of Mechanical and Industrial Engineering. Senior
Member AIAA.

†Research Assistant, Department of Mechanical and Industrial
Engineering.

‡Assistant Professor, Department of Mechanical and Industrial
Engineering.

where r , θ and z, are the radial, azimuthal, and axial coordinates; t is
the time; Vr , Vθ , and Vz are the radial, tangential, and axial velocity
components; �P = p − p∞, p is the static pressure; p∞ is the value
of the pressure far from the vortex center (r → ∞); ρ is the density;
and ν is the kinematic viscosity.

We are interested in solutions that belong to a particular class in
which the velocity vector has the general form

V[u(τ, ξ), v(τ, ξ), ζh(τ, ξ)]

where τ = νt/r 2
c , ξ = r/rc, ζ = z/rc, u(τ, ξ) = vr/vθc, w(τ, ξ) =

vz/vθc = ζh(τ, ξ), v(τ, ξ) = vθ/vθc, rc is the core size, vθc = κ/rc,
κ = 
∞/2π , and 
∞ is the vortex circulation. The subscript c de-
notes value of the parameter at the core (defined as the radius where
the tangential velocity attains its maximum).

The equations governing this particular flowfield, in dimension-
less form, are continuity
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and axial momentum
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where �p(τ, ξ) = �P/ρv2
θc, Re = vθcrc/ν is the vortex Reynolds

number, and δ is a very small number.
Because we are dealing with strong vortices, we adopt the tradi-

tional assumption that requires that u and h � v. In terms of order
of magnitude, if v is of O (1), then u and h are of O (δ), where
δ ∼ 1/Re. (Note that for aerodynamic vortices Re ∼ 105.)

Using order of magnitude considerations, one can bring the pre-
ceding system of equations into a simpler form. Because all of the
terms in Eqs. (1) and (3) are of the same order, both equations remain
unchanged. Neglecting the terms of order δ in Eq. (2), we obtain
radial momentum

v2

ξ
= ∂�p

∂ξ
(5)

The axial momentum indicates that the static pressure should not
vary appreciably in the ζ direction:

Re
∂�p

∂ζ
∼ δ, or

∂�p

δζ
∼ δ2 → ∂�p

δζ
≈ 0 (6)

The set that consists of Eqs. (1), (3), (5), and (6) is the one that
produced the classical vortices of Lamb (see Ref. 6), Burgers,7 and
Sullivan.8
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The required initial and boundary conditions are as follows:
1) First, τ = τin, u(τin, ξ) = f1(ξ), h(τin, ξ) = f2(ξ), and

v(τin, ξ) = f3(ξ).
2) Second, ξ = 0, v(τ, ξ) = u(τ, ξ) = 0, and ∂h(τ, ξ)/∂ξ = 0.
3) Third, ξ → ∞ and v(ξ)ξ → 1.
Under the following variable transformation relations:

η = ξ
/√

τ , V (η) = v(τ, ξ)
√

τ
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√
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H(η) = 1 + h(τ, ξ)Reτ, ��(η) = �p(τ, ξ)τ (7)

the partial differential equations (1), (3), and (5) convert into the
following ordinary set:

η−1|Uη|′ + H(η) = 0 (8)

η−1V 2 = ��′ (9)

V ′′ + η−1(1 − Uη)V ′ − η−2(1 + Uη)V = 0 (10)

subject to the boundary conditions:
1) First, η = 0, V = U = 0, and H ′ = 0.
2) Second, η → ∞ and V η → 1.
The primes represent differentiation with respect to η.
The steady-state subset is then

ξ−1(uξ)′ + h = 0 (11)

ξ−1v2 = �p′ (12)

v′′ + ξ−1(1 − uξ)v′ − ξ−2(1 + uξ)v = 0 (13)

which respects the following boundary conditions:
1) First, ξ = 0, v = u = 0, and h′ = 0.
2) Second, ξ → ∞ and v ξ → 1.
In this case, the primes represent differentiation with respect to

ξ .
It is clear that the two systems given by Eqs. (8–10) and (11–13)

are dual, which further suggests that if a steady vortex is known, the
corresponding decaying version can be obtained through a straight-
forward variable transformation and vice versa.

III. Results and Discussion
The modus operandi of the transformation will be shown next

through the conversion of the steady n = 2 into time decaying. The
velocity components and the static pressure for this stationary vortex
are1,9
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Because of the analogy of the two systems (steady and unsteady),
the transformed velocity and pressure expressions are, thus,
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It is easy to verify that the preceding expressions do indeed satisfy
Eqs. (8–10).

Fig. 1 Experimental verification of analogy.

The preceding fluid properties can now be given as functions of
the time and the radius:

u(τ, ξ)Re = 1

2

{
ξ

τ
− 12ξ 3

τ 2 + ξ 4

}
, v(τ, ξ) = ξ

(τ 2 + ξ 4) 1
2

h(τ, ξ)Re = 24ξ 2τ 2

(τ 2 + ξ 4)2
− 1

τ

�p(τ, ξ) = 1

2τ

{
arc tg

(
ξ 2

τ

)
− π

2

}
(15)

The formulas of Eq. (15) obey Eqs. (1), (3), (5), and (6) and also
respect the associated boundary conditions. When the profiles given
by Eq. (15) at τ = τin = 1 are taken to represent the dependent vari-
ables at the start of the decaying process, they will also automatically
satisfy the initial conditions. It is amply evident that as τ → ∞ all
of the velocity components tend to zero, whereas the pressure ap-
proaches the constant ambient value p∞.

The variable transformation relations given in Eq. (7) suggest
that the velocity and the pressure should be functions of η only. The
latter points out further that, under the variable transformation, the
individual time-dependent variables given by Eq. (15) must collapse
into single curves for U , V , and H . The last is validated for the
tangential velocity in Fig. 1 by using the experimental results of
Bennet.10 Unfortunately, no experimental data for the static pressure
are available, making a similar comparison impossible.

The other members of the n family can be transformed in the
same manner into time dependence. Similarly, the topology can be
used to convert steady-state models such as those of Sullivan8 and
Vatistas9 into their decaying counterparts. Reversing the process,
one can recover the time-invariant group that gives rise to the dif-
fusing Bellamy-Knights11 set of vortices. Because the last work is
based on Sullivan’s contribution, it will also provide steady solu-
tions of Sullivan-like vortices other than the original Sullivan steady
vortex. Furthermore, it is not difficult to prove, by the use of the
present methodology, that the Lamb vortex will give rise to Burgers
steady vortex, and vice versa. The latter is already known, but it is
mentioned here to fortify further the validity of the method.

IV. Conclusions
In this Note, we present a methodology to extend the n family of

algebraic vortices1 to include the temporal effects. The developed
method can also be used to convert other steady vortex formulations
(of the same kind) into unsteady vortices and vice versa. The the-
oretical development presupposed intense conditions, and, as such,
the method is only applicable to high Reynolds number vortices.
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